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Chapter 1. Vector
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1.4. HIE{O| F7|H
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1.6. HIE{ O 28X T &
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e tuple (ordered list)= O

n-F=(tuple)
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1.9. Vector®| 2t —n X3

e n X}2 Vector = n-tuple vector
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R"={(zy, 22, ..., z,) : x; € R, Vi =1,...,n}



1.10. Bl E{ 0| 3 7|

v = (g, 7y)
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1.12. nX}& HIE{9| 37| — Norm

e Euclidean (or 12) Norm2| s=St& ™ 9|

zlla = [ D22
\ i—1
* nXtR 0| A scalarZ mapping ot= &= fO|H CtZ1 &
o MXle o=
- O =2 =2 L- M

1. For all x € R*, f(x) = 0 (non-negativity).
2. f(x)=0if and only if z = 0 (definiteness).
3. Forallz e R®". L e R, f(tx) = [t|f(z) (homogeneity).

4. For all z,y € R™, f(z+y) < f(z) + f(y) (triangle inequality)



1.13. NormQ| & HI3}
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Chapter 2. Vector Operation

Vector@| S AHO|| CHSHA] & OF= A|C}



2.1. HIE{Q} AZIato| = Al
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2.2, HIE o] R/

V4w = (v + wg, vy + Wy, v, + w,)
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2.3 dil E_.l O‘ i |

V—W = (v — Wg, Uy — Wy, V; — W,;)

W (W, wy)

(wy, wy)




2.4, BIE{ O] Gl AL A 7

—

Addition (a1,b1) + (ag,be) = (a1 + as, by + by)
Subtraction (ﬂ-l,bl) — ({lg, bg) = ({11 — a9, by — b:r)
Scalar multiplication k- (a,b) = (k- a,k - b)
ex) . . g .
u+w=(1,-5)+(8,4) 6w =6-(—1,-3)
= (1+8,-5+4) — (6-(~1),6- (-3))

=(9,-1) = (—6, —18)
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Chapter 3. Vector Dot Product

HE2| LI A0l CHOHA ZOF = AILE.



3.1. HIE{ O] L§A (Dot product)

» Li{ A (Dot Product) - Scalar product 2t 1 &= £ &

a,beR"
a-b= a'lbl + a?..b?.. 5 Rl o ¢ b-n. = Z:l:l a"ibi

» Of) i-b=(3,1,8)-(4,2,3)

+1-2+4

= 12+2+24

= 38
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3.3. L{A 9| ©| 0| (proof)
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2 BISFO 2 LIOZt= A7|9| &

lb—a = ||bl|| cosé

lasb = ||al| cos 6

la—sb = (|[a]|[|b]| cos 8) /|[b]|
laﬁb - L b/||b||

a-b = [a [[b]| cos(6)

a

lb—a = (||al[||b]| cos 8)/]|al|

[baa o a'b/HaH



3.5. L§ Aol o|O| 3
* LA (Dot product)

a-b = |la]| |b][ cos(6)

relationship with angbe

0 =0=cosf=1a-b=|lall]||b]
0 =7m/2=cosf=0,a-b=0



3.6 Perpendicular, Orthogonal, Orthonormal?

e Perpendicular (=%4)

alb — a-b=10 .

e Orthogonal (2! 1)

a-b=0 — orthogonal

e Orthonormal (A&l 1) = Orthogonal + Unit Vector

a-b=20,|lal| =|/b/| =1 — orthonormal
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o BllE{(Vector)= 2 (magnitude)t B 2k( direction)= 77X Ct.

Magnitude of (a, b)
x (a.b)|= VT

Direction of (a, b)

b
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> a




3.8. HIE{O| C}QksSH H &Y HIA

O O T
Component form (a,b)
Unit vectors at + bj

Magnitude and direction |||, #

(a,b) + b3




3.9. Matrix Al HIE| F &

e Vector= matrix2 HE 32 [ = column vector= O| &

* TransposeE A& Ot vector= row vector= H

=~ Qo

a=(3,4) = [

a' =[3,4]



3.10. Matrix A LA ®# o

* LA (Inner Product| Matrix 4] H o)

IT'y cR= [ ry T2 -+ Inp ]

* Inner product@f Norm 2| ZhA|

|z||3 = =tz

_yl_
Ya

Yn




Chapter 4. Matrix

Matrix@2} 7| 2= AHLH0f| LR & OF& A|Cf
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4.2. S = (Matrix)

e Matrix = m%(row)2f n&(column)Z O|F 0| £l =X FS

5 6 | ¢—,
2 7 |¢—="""

() R et

A:{_

e Matrix 2| elements 2 dimensions

a1 QA1 *°°  Qpl R R

a2 G239 -+ Q3 R R --- .

A A

A1m  A2m Anm R R R



4.3. Linear system®| matrix H o1

System of equations: 2z + 5y = 10
Jx+ 4y =24

Augmented matrix: 9 10 ] €—Eq. 1
3 24 | €—Eq.2
T constants



4.4. Matrix row Operation

Matrix row operation Example
¢ =
Switch any two rows [; i 2] — B g f}j]
(Interchange row 1 and row 2.)
2 5 3 3-2 3-5 3-3
Multipl b
ultiply a row by a nonzero [3 4 6]%[ 9 4 6]

constant
(Row 1 becomes 3 times itself.)

2 5 3 2 D 3
Add one row to another [ ] — [ 19 L5 +3}

(Row 2 becomes the sum of rows 2 and 1.)



4.5. Solving Linear system with matrix row op.

ol mame | 2 210
riginal matrix: 9 _3 3
Step Row operation

2
SteptlO 1 13 Ry — Ry — Ry

1 1 5 1
Step 2: [ 0 } ERI — Ry

1 1 5
Step 3: |: 0 1 -—13 ] R+ Ry — Ry

1
Step 4: |: 0 1 —13 —1Ry — Ry




4.6. Matrix2| 7| & A Al

e Addition C=A+B A Cij = Qjj + bw

A+B:{f f]+[£ Q]: 141 8+0]_[5 8
| S I/ 3+5H T4+2 8 9

e Subtraction (the inverse of addition)

. n_ 281 [ 5 6] [ 2-58-6]_[ -3 2
¢ D_[“ 9] {11 :i:}_[n—u 52}—:411_[—11 6]

e Scalar Multiplication cA & ca

10 6 2-10 2-6 20 12
_ 9. _ _
A= [4 3]“[34 2-3}_[ 8 6]



4.7. Zero Matrix

3 x 3 zero matrix:

2 % 4 zero matrix:

The number zero

Adding zero to any number a
gives back that number a. (eq.
a+0=a)

Adding any number to its
opposite will give zero. (eq.
a+(—a)=0)

Any number times zero is zero.

(ega-0=0).

0 0 0
O3.3=10 0 O

(0 0 0

0 0 0 O
OM‘_U 0 0 0

The zero matrix

Adding a zero matrix to any matrix A
gives back the matrix A. (eg.

A+O0O=0+A=4

Adding any matrix to its opposite will
give a zero matrix. (e.qg.

A+ (—4) =0

Scalar multiplication of a matrix by 0 will

give a zero matrix. (eg. 04 = O)



4.8. Matrix addition -4 &

Property Example

Commutative property A+ B =B+ A
of addition

Associative propertyof A+ (B+C)=(A+ B)+C
addition

Additive identity For any matrix A, there is a unique matrix O such
property that A + O = A.

Additive inverse For each A, thereis a unique matrix — A such
property that A+ (—A) = 0.

Closure property of A + B is a matrix of the same dimensions as A

addition and B.



4.9. Matrix scalar multiplication 4 A&

Property Example
Associative property of (cd)A = c(dA)

multiplication
Distributive properties c(A+ B)=cA+cB
(c+d)A=cA+dA
Multiplicative identity property 1A=A
Multiplicative propertiesofzero 0-A4 = O
c-0=0

Closure property of cA is a matrix of the same dimensions

multiplication as A.
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(Matrix) H &4
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Chapter 5. Matrix Multiplication

A9 O q/HA| &8 L= LOHEA|L



5.1. Vector-Vector &5

M
=

e L§A (= Inner Product (= Dot product) )

r,y € R"

TycR=[a21

Y=y

Tn |

Y1
Yo

Yn




M
=

5.2. Matrix-Matrix

I

e Matrix-Matrix2| 5= §E1E7| M, Matrix 2| row2}
column vector & CtA| 23| = A|C}

bo S
L = R
M =] O




5.3. Matrix-Matrix &5 (2)

e Matrix-Matrix2| &= 2| ™ 9|

a—> 1 7] [3 3] _|ai-bs ai-
-y (2 4| |5 2| |— _

(r._}u I".{j'

A B C
 0|= row2} column vector= 7+2| L§ A (dot product)



5.4. Matrix-Matrix &5 (3)

e Row 2} Column HIE{ = 7I9| LM 2 H S

Ae R and B € R" a; € R" and b, € R"

] o . - aTh, aTb,
Coap—| @ by by - b, | = 131 a2
"= AB = _ | =
: | | ' |
o a, — |- - | anby alby

T
aj by,

T
a; by,

alb

m-pP




5.5. Matrix-Matrix &5 (4)

e Matrix 7t 50| M2I5}e{ ™ CF2 1F ZH0| matrix2| XF2 0]
SEOrOF 2 L Lt

i1 3 | {aﬂ-ﬁﬁ d@i-by di-by di Eﬁ}

=—}{Q 4] [% i g i}z ay by ay-by b:é, ay - by

3> 2 9 a3 -by dy-by a3 -bs a_é,-b_iJ
A B

« T, =0t A SO 2 O LIEHLY ™ O] H &L CL.

T
(mxn)-(nxk)=(mxk)
R

product is defined



5.6. Identity Matrix

oo O

oo = O




5.7. ldentity Matrix (2)

rlo
0x
I
1[0
o
1R
ot
i
11

e Identity Matrix = C}=21F &

e 1Y, 7. A i1-a; i a
S O R s
"I'ﬁ[l U} {? 3] [1-240-5 1-3+0-1
ip—>[ 0 1 o “10-2+1-5 0-3+1-1
matrix [ matrix A

— Q2
[



ty 1A A Kl
5.8. Matrix &5 Al o] M A
Property Example
The commutative property of AB #+ BA

multiplication does not hold!

Associative property of (AB)C = A(BC)
multiplication
Distributive properties A(B+C)=AB+ AC

(B+C)A=BA+CA
Multiplicative identity property [A = Aand Al = A
Multiplicative property of zero (OA = O and AO = O

Dimension property The product of an m X m matrix and an
n X k matrix is an m X k matrix.

In this table, A, B, and C' are n X n matrices, I is the n X n identity matrix,

and O is the n X n zero matrix



5.9. Matrix &5l o] M Al (2)
e Why not Commutative?

U _y[3 4 6 2 br 76 2 3 4
matrix A4 matrix B matrix B matrix A
We can find A B as follows: We can find B A as follows:
ai-by aj-b by -d@, by -a
AB=| 12 % BA=| 2 70 177
a? by as - by bos-a1 bo-as

[3-6+4-3 3-2+4-2 [6:-3+2-1 6-4+42-2
“|1-6+2-3 1-2+42.2 ~13:3+2-1 3-4+42.2

[30 14 ~[20 28
112 6 “ |11 16






Chapter 6. Vector and Space (43}



6.1. Linear Combination

e Vector=2| Linear Combination

a1Vvy + ao9Vg + -+ + Ay, Vy

* GIL}O| VectorE Linear Combination @ 2 LIE}LY 7|
1] 1]
3] =31 +51|0
3 1 0




6.2. Span

= 0= GE{o| X3

g azeﬁ}

e 0| & =0 A b2 Unit Vector®| XtO Z B = 2K
vector& B & = QIS L| Lt

£Q

e linear combination@ £ Bt= ==

span({z,...x,}) = { 3

)

— {a,% —I—bﬂ a,b € R} = span ({5,3})

(1,0)
(0,1)




6.3. Span (2)

r£ Unit vector?} O}l CF= vector

= 7 UGS

* Span({(1,0),(0,1)}) = Span({(2,2),(0,1)}) = 2K} &



6.4. Linearly dependent

* Span{(0,1),(0,2) } 22Xt S HA & = USTR?
- =7t Ut o AE7R?
— V1 2}tV2(0,2)7} A& linearly dependentd}Z| 2 ! L| Ct.
e c*V1=V2

e Linear Dependent -
u,....u,,vedsd,v=ogu +--+cu, l\




6.5. Linearly independent

e Linear independent
S = {v1,72,...,Vn}
a1V + asVs + -+ + apvp =0

satisflied bya; = 0forz=1,...,n.

e Basis for Set V
= A minimal subset of V that constitutes Span(V)

v ={(0,1), (0,2) }
Span(V) = Span{ (0,1), (0,2) } =Span{(0,1) }

Basis={(0,1) } or{(0,2) }



6.6 Linear Independence and Rank

* Linear independent
S = {v1,v2,...,0n}
a1v; + asvs + -+ apv =0 .

satisflied bya; =0forz=1,...,n.

« Matrix A 2| Rank
* Rank(A) = Largest subset of column vectors of A, that is Linear Independent
* ex) Rank(A) =1

* Ex) Rank(A) =3




O| EFOf| &.. Dim(), Nullity(), Subspace 5 =2

&Lct.

oA 2 O 7| M= CHFX|
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Chapter 7. Matrix £ A

Matrix = O| 8¢t &2t &85 L0t AL




7.0. 71 &

» Chapter 5. & 0{| A 7| Z= & @I Vector-Vector, Matrix-Matrix &5 = & O}
HRt= L

ARK| = CHE 2 H

« & G| AHE Matrixe| 5= At
o| Z5f x| Af0F BHL|C}.

Matrix-Vector 2| 50| 4 &
- Matrix-Vector 5l O| C}= o|O| EESF &0 &2 A| L}

-

- O|E}0]| 2|™ (Outer Product) &5 0| CHSi Al = & OF= A|C}.



7.1. Matrix-VectorQ| Al

e LM (Inner Product)E O|-& 5t Matrix-Vector =5 HE

o r _
ay a; T
— ag — a.g;r
y p— }LT p— . T = i
T T
4, | 0, T

‘4 c Rmb{n T E Rﬂ Yy = 4‘11;17 e Rm

ar — A,
Yi=a; T



7.2. Matrix-VectorQ| 5 Al o] =74 Xl

e Matrix A = column vector=2 L}EFLAS ).

I

;I]‘I
e Matrix column vector= 2| Linear Combination!

— Al Z BFESH= Solution x’ 7 =X|| oL}

y € span({a,.....a,}) = Az

— Solution X’ 7} =X o} X| & =LC

y ¢ span( {ﬂ-lf ey @p }) = Az

747l ofn|

l | a.|-‘ ‘T:E —(.W; —|-{HQ}IQ+.,.—|—{HH



7.3. 2| ™ (Vector-Vector O & 4)

e 2|™ (Outer Product)

T Em; Y c Rn

TyT c Rmxn —

I

[ Y1 Yo

Un | =

I
ol

Imyl

LYo
a2

LmlYa -+

L1Yn
Loln

*Tm y]‘l




7.4. 2| A (Vector-Vector 2| &5/l (2)

e Example
‘4 fan Rm}in
] | B IR ST En
€T T - I @I
A|:‘1‘ T o0 T — _2 _2 _ _E — '2 [1 1 ---
| | | . . . . .
i Ly Ty 7 Iy i i L |

1 } — 17



— L

7.5. 2| &= 0| &35t Matrix &5l S

Ll

-

e Outer Product= O| &5t Matrix-Matrix &5 H

Ac R™"™ and B € R"*P

| | | b? n
(= AB = a dads --- ayh “ — Z H‘éb?
| | ' =




7.6. Matrix-Matrixg 27| A H

A e R™"™ and B € R**P

C=AB=A| b b




|0 |E S 216 JjuH
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Chapter8 7\ El Matrix ¢ AF

O17|M & He 8T ot = 20

—



8.1. The Transpose

* Transpose = matrix2| row2} column= S| &= &AL

‘4 c Rmxn }lT e R”xm

dy 4y
If 4 = fu G s  then Aord’ = dy; g
{41“) A Qy  fyy  dag o
e 13 13
= L] =]t
(1 2]" = [;]
* Transpose 7| & A Al ]
(AT)T = A 3 4] |2 4
- T
(AB)" = BT A" ; i [1 3 5]
. T T T 12 4 6
(A+B)"=A"+B 5 6




8.2. Symmetric Matrix

A square matrix A € R™*"

- Symmetric Matrix A = AT

3 2 5 3 02 5
H4=|2 5 4| then 47 =|2 5 4
s 4 7 5 4 7
* Anti-symmetric Matrix A = —AT
0 3 4]
Ifd4=|-3 0 7
-4 -7 0

0 -3 —4] 0 -3 -4
AT =3 0 -7land—A=|3 0 =7
4 7 0 4 7 0



8.3. Symmetric Matrix (2)

* Property of Square matrix

for any matrix A € R™*"

A+ AT is symmetric

A — AT is anti-symmetric

A € S" means that A is a symmetric n x n matrix



8.3. The Trace

A square matrix A € R™*"

T
tr(A) =an +ap +- -+ ap = Zﬂﬁ

* Property of the Trace

o For A c R™" trA =trA’.
o For A BeR"" tr(A+ B) =trA +trB.
o For Ac RV t e R, tr(tA) =t trA.

e For A, B such that AB is square, trAB = trBA.



8.4. The Inverse

- If A is a square matrix, the inverse of 4 is A™1
AA1=1 and A'4=1

TOLEM Y =k, EX6HK| @S =& AS LT

A717F =SR] Y=L} -> det(A) 7} 00| Cf -> Singular Matrix
A717F =X SHCF -> det(A) 7F 00| OFL|C} -> Non-singular Matrix

» Non-singular Matrix A, B 0| CHS A CFS 2| M &S Ot

A

—1*}—1 —
e (AB)"' = B4~
® [‘4—1:}}” — (:‘-4]“]_1

Ar =0
r=A"1b



8.5. The Inverse (2)

* For 2-D matrix

A

a b
[‘d‘

e e s

* For 3-D matrix

ap an
a3 a3

ap] a2 a3 |
- day  dy)

A=lany a»n axn Al= —
e |Al |l ax

a3] 432 4diz

da) dn
a3 dy

d
|A| |=¢

]
ad-bc
1 [28 0]
2810 28
)y da| @2
dyz d3p| @
iy dia| @
di3) daz| |da3
iz dn|oEn
dyp d3p| @




8.6. The Determinant

Determinant: det(A) or |A|

ady  dp dy dap 2 5
det = =a,,d,, —a,d, det =2-15=-13
iy dy dy  dy 31
dy, 4 d4p 4 4 4 a 4 g
2 23 i 23 21
detja, a, ay,|=aqa, —da, +ag
3 Uy dy Ay s
;) dy Ay

Det(A)| = 7|5tet H 2 2 Col(A)=2] 5 0= 2|0

(4,5)




8.7. The Determinant 2| 0| proof

S = (ax + bz )(ay + by) — (azay + b by, + ayby + a,b, )

A
S = azay + ayby, +ayb, + by by —ayay, — by by, — 2a,b,
S = a,b, — ayb,
ay + b,
a,b, %r:ruy ' = det [ab)
A=| O b,
a, by,
b
. g (1
A = [ a b .—iblby %bJ.by S = del [ ”J
y
S = detA
a
ayb.,
.—i,-ul.u.y

ar + b,



8.8. The Determinant — 3X} &

" iy b] i
V=det| ay by c5
L gy b:; C3

V = det A




8.9. Orthogonal, Orthogonal Matrices

* Orthonormal (A 1+ 2l 11) = Orthogonal + Unit Vector

a-b=20,l|lal| =||b|| =1 — orthonormal

* Orthogonal Matrix

* Orthonormal Vector2 4 =l HAZH 2=
Ul =1=U0U0"
U =U
* Other property
for any z € R", U € R™™" orthogonal

[Uz]|2 = [



8.10. The Gradient

* (m by n) Matrix AZ Q152 £ Y0} scalarE Al Atot= &
f7h QEFLD BHAILE.

f . EFHKH — :_%

- St~ f O gradient w.r.t A= C}2 1} ZH0| A|AtghL|CF.

of(A)  of(4) . 8f(4) 7
A A1 1A
9f(A)  of(A)  oFA)
v 1f‘{ /_1) c Rmxn — A3 HAaz A an
DF(A) OF(A) . O(A)
| 0Am OAma OAmn
o 2N
—17 o
of(A)

< ij



8.11. The Gradient (2)

OOk £O| input O| vector x 2fH?
f:R"— R

« St~ £O| gradient w.rt x= CF2 1 20| A|AbehL|CY.

r
'] E t‘-‘-.r
i He | H

Al

| af (A
(Vaf(A))i; = i{i )

dl_j




8.12. The Hessian

* n X}2l Vector x & QIFE£ O 2 BI0} scalarE AH|ASH=
7 QCF I SHA|LE.

f:R* SR

St~ f O| gradient w.rt A= CF=21F 20| Al AFSL|C}.

- Pf@)  Pie) . i) ]

t?.r? drqdzo Hdr18xn

Pflx) PSP

V%f(f} c Rﬂ}(ﬂ _ rﬂ.rgvr':i'.m t?.inﬁ t?.rg.d'rn

f@)  *fx)  9f)
L drpdxy iy dxo dxz _

° N
—17 5
* " ‘C);I’f@;rj
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