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 Review of Regression Models
* Linear Regression
* Logistic Regression

 Bayesian Linear Regression
 Bayesian Logistic Regression

* MCMC approximation examples (with PyMC3)



Ch 1. Review of Regression
Models
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Linear Regression
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Linear Regression

Weight Y = aX+b
(kg) 4

30 -

>
180 Height(cm)

Model : Y = aX+b Parameter : (a, b)
» [Goal] Find (a,b) which best fits the given data



Linear Regression - Example




Which model is the best?




Cost Function - Measure Error of Model

3 x
2
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> cost = = Z(H(w(z)) — y(®)2

1=1

(H(z®) - y)? + (HE®) - y®)? + (Hz®) - y®)?
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Cost Function Space

H(z)=Wz+b  cost(W,b) = % S (H(@®) — y©)?
=1
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Gradient Descent Algorithm

) W: =W — a%cost(W)

Initial

weight \

Cost(w) { _— Gradient

dCost(w)/dw

Global cost minimum

S~ — Cost(w")

>
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Linear Regression Model

Model: H(z) =Wz +b
. 1 «—
Cost Function: / — (1) _ 4,(9)
cost(W) = 5,0 > (Wat® = y9)’

Minimize Cost: minimize cost(W, b)
W, b W,b

9,

Gradient Descent: W=W — aa—Wcost(W)
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Multivariable Linear Regression

H(x1,79,T3) = wi1x1 + woTs + wzrs + b
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Logistic Regression (Classification)

Linear Regression O] & —.7%( ontinuous) Q! ¢t CtECHH
Classification 2AM|= O O| A& (discrete)gf= CHELCH

OO & 0| £ eIX[(1)/0F X[ (0)

=t @l Al 7k ARZ| 21X[ (1) /7 OFE K] (0)
o8 L XI(1) / OFEHX|(0)

ZHRIXI(1) 7 O] 2IX](0)




Logistic Regression
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Logistic Regression

- 0|2 ZH2 & Linear Regression2 2 &Y LS 0|5 & =+
oICt
AN .

(Yes)l1 XXX X

Malignant ?

(No) O
Tumor Size
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Logistic Regression (Classification)

« Logistic Regression0f| ACIFE = Label Yat2 0 & 1.

. Llnear Re reSS|on D2 APEStE 42 120t & 4f0[Lt, oK
O

F&H2 glo| Hhle &= QUot,
H(z)=Wz+b
HE)7F 2B 2t OfAkO| B y=1
|

« 0| 42 Thresholdd]| 7|EIES £=0f
= 0| F5t= HO| J=r 7t

e = YO| 2|7} 0<Y<1Q 2HE 2lsiC}



Logistic Regression - Sigmoid 24

|
H(X) = 1+e W' X

$@) = —

L &~F
Sigmoid &&= 2=
Z os}- A 2 0~1A0|2 Y ]

Mapping StC}




Probability

S BB PaiDe o g ,r._'._A.-._
0.9 - 0~1 ALO| gt 1
038 P(Y=1|X)= H(X) = -y
0.7
0.6 Wx+b
_ If H(X) > 0.5
0.5 V= 1
0.4 else
0.3 Y=0
0.2
0.1
O T T L T )|
0 0.2 0.4 0.6 0.8

Ratio of Preterites to Total Finite Verbs
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Logistic Regression - Cost Function

cost(W)=—>)»

I
T

C(H(I)ay)

y=-log(x)

y=-log(1-x)

0~ 1 AtOf gf
H(X) = 1+ e WTX
y=1
y =10
(y=1
H(x) -> 1 cost->0
H(x)->0 cost -> oo
(y=0)
H(x)->0 cost->0
H(x) -> 1 cost -> oo
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Logistic Regression - Cost Function

4 | ~ 7
COSf(H ) — ; Z C(H(I), y) 0~1 AI'Ol HA 1

H(X) = 1+ e WTX

c(H(r),y):{—fog(H(r)) ag=1

~log(l1 - H(z)) :y=0

cost(W)

= _E Z ylog(H(xz)) + (1 — y)log(1 — H(x))

Cross Entropy Cost Function
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Logistic Regression Model

Model: H(X) = i BEWTX

Cost Function: cost(W) = —— Z ylog(H(z)) + (1 — y)log(1 — H(x))

9
Gradient Descent: W =W - agrzcost(W)

A

Cost(w) Init_ial - Gradient

dCost(w)/dw

!
I
!
]
/

Global cost minimum

= _— Cost(w*)




Multivariable Logistic Regression

P(y=1|X)= H(X) = !

14 e WTX

w1 T) + wezo + b
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Ch 2. Bayesian Linear
Regression



(Probabilistic) Linear Regression

e Linear Regression Model

* Cost Function (MSE)

1 .
L= EH?J—yH%
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(Probabilistic) Linear Regression

e Linear Regression Model

* Cost Function (MSE)

)

|
L=1lg-l} |

Error & Cost function0i| CH
7Y GA| REIZo A

o Il
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(Probabilistic) Linear Regression

g ty 2F Input x2| £tAH S Cr=1t £0] noise € & O[3l A]

()
T D

j=y+e=Wlz+e _Z(lll,+6

« LO|= ¢ 7} Zero Mean GaussianE&X2E [IECID 7HHSHH (e,
e~N(0,1)), -
—eXp ( 52 ) E=Y—Yy

« CtS2 1t Z2 Probability Model P(Y|X:0)& ™Mo|& 4= ULt

o WTp)2
P(ﬁw,W)—\/lieXp(—(y v ))

p(e?) =

20.2ﬂ. 20‘2

P(jle, W) = N(§|W"3,0%) .



(Probabillistic) Linear Regression - MLE

« Maximum Likelihood Estimation (MLE) 4/ & Atnj &2 O

Wuie = argmax N(§|W 'z, o?)
W

» Log-Likelihood A2 2 CHX| S} H

(§ —W'z)®
Wyure = argmax log| exp| —

W 202

1

— argmax — —— (¢ — W'z)?
W 202
1 .
— argmin — (§ — W'x)?
W 202
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(Probabillistic) Linear Regression - MLE

0% =1 0|2}4d 7} gotH

|
Wyre = argmin —(y — WT:E)2
W 2

.1 . 5
= argﬂrfmn 5 Z(yz — Wiz;)

1
= argmin — ||§ — W'z
w2

« =  Gaussian Likelihood Ar&3s ™74t MLE A1 0| -O.LJEH Linear
Regression Cost functiondt €2 MSEY S 2
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(Probabilistic) Linear Reqgression

210

(y® —[67®

202
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Robust Linear Regression w/ Laplacian

Linear data with noise and outliers 5
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» Noise €0f Laplacian Distributions 7F35t= &% Negative
Loglikelihood (NLL) cost2 |1 functiong AtESt= @E}7t EICH

1
p(ylx,w,b) = Lap(ylw"'x,b) exp(——|y - wix|)  |Jy—w’
)
» Outlier0l| 242t Linear Model FittingO| 7S tCt
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Maximum Likelihood Estimation (MLE)

« MLE : Probability Model(Likelihood)E 7}t & F0{ %l datali|

N3 B e Shadte B

Oy e = argmax log P(X|60)
0

— arg max log H P(z;|0)
0 i

— arg max Z log P(x;|0)
6 _i
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Maximum A Posterior (MAP) Estimation

1}%
|0
of
>
Of

« MAP : MLE2} OtEH7HXR| 2 F=O{ Tl datalf] Metst &
= 2 2L} Likelihood 22 Ot parameter0i| CH
= A “7+78

Bayes’ Rule

Opmap = argmax P(X|0)P(0) p(6)f(x|6)
0 p(O]x) = ()

— arg max log P(X|6)P(6)
0

= arg max log H P(z;|0)P(6)
0 i

— arg max Z log P(z;|0)P(6)
0 i
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MAP vs MLE

* P(6)E Uniform Distribution 7} 43%l= &

Oprap = arg max Z log P(x;|60)P(0)
0 i

— arg max Z log P(z;|0) const
0 :

— arg max Z log P(z;|0)

6

= OMLE

- &, MLE= MAPZ2| Special Case

ol
|

=)
=

ot
=

4 olet
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H| 0| = Z4 A (Bayes Update)

Posterior Likelihood Prior
o _ Pl P)
YT TdoP(z|0) P(0)

—_Posterior . Likelihood

 distribution

0.05 1 &
1
o L : , L . . .
0 0.1 02 03 04 05 06 07 08 08 1
) \ 1 1 1
AN
o, b, o o o o, s o, s
> 7 — N N =

9.1‘(1 . 9)1—190‘—1(1 _ 9)3—1
P(z)B(a, B)

Posterior
P(f|z) =

o g2+ (1 — 9)P+(1=")=1 — Beta(é, B)
updated Prior with observed data 34



Bayesian Linear Regression

* Linear Regression 22| parameter WO|| PriorE 7°d5tH
P(W|j,z) = P(§|z, W) P(W|po, o)
* Likelihood= Gaussian, Prior=? zero mean Gaussian again!

P(W|po, 05) = N(0,07)

= 1 (W — pg)?
- P(W|uo,05) = exp (_ 2 po =0
\/20'871' 20

35



Bayesian Linear Regression w/ Gaussian
Prior (=Ridge Regression)

* Posterior?  P(W|j,z) = P(§|z, W)P(W|ug,o2)

(g - VVT:B)Z Wrz
ex — ex —_——y
X P 20_2 P 203

« MAP estimation w/ log-likelihood

1

2
200

1
log P(Wg,z) —F(Q - Whe)? w?
o

1 1
e NG —WTpl2 — = 2
5oz 19— W el; 202 W13

. 1. A
e =, logP(W|j,z) « _EHy - Whe|} - 5||W||§
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Bayesian View of Linear Regression

Likelihood  Prior Name . _ .
Gaussian ~ Uniform  Least squares 3 — ara min Vi — X:8)2 4+ \3II2 Ridge Regression
Gaussian ~ Gaussian  Ridge S 9 3 _{.;1( i = XiB)” + AlBll2 (12 penalty)
Gaussian Laplace Lasso
Laplace Uniform  Robust regression = . o » axD , A>0
Student Uniform  Robust regression Bmap = arg mjln Z (¥; — XiB)* + AllBll1 Lasso
i=1 (11 penalty)
Ridge Regression: Lasso:
— 13ll2 —
pen(B) = ||8]|5 pen(3) = |81
Bs with constant J(3)
(level sets of J(B))
Bs with B2 s with
constant constant
12 norm 11 norm
\/ N
!
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Full Bayesian Approach

- AFA Bayesian ApproachOf|Al MO = 1St 0 X} St= A2
Posterior Distribution P(wly,x) O|C}.
« MAP estimation2 Bayesian Estimation2| Shortcut &€&

Distribution of Parameter

Likelihood Data Prior

Bayes' Theorem

80% Probability
§% |/  Parameter is Here 5%
‘\ | < ,\J

Posterior Distribution }ﬁ,




Full Bayesian Approach

e Parameter w Of CH{®F Posterior Distribution P(wty,x)% TSH
Z|™, woll CHSt credibility interval & Optimal 2f FE2 =&,

« M2& Data Point0f| L3t Predictive DistributionS +& 4=
C}.
P(y'l4, ) / Py, W)P(W|g,z)  (2,)
W

=Ew [P(y'|z', W)]
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prior/posterior data space

Posterior Distribution

p(w|X,y,0%) o N(w|wg, Vo)N(y|Xw,c’Iy)

:N(W’WN,VN)
1
WN = VNV()_1W() + —2VNXTy
o
_ _ I —
Vi = V01+§XX
Vy = ?(@*Vy'+XI'X)™!

If wo=0and Vy=7°I and let A\ = Z—i , It
is “ridge regression setting”

y(x,w) = wo + wix + €

wy = —0.3 &) - N
wr = 05 hid ™~ (
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Predictive Distribution

plugin approximation (MLE)

= prediction
QO training data

80

701

Posterior predictive (known variance)

= prediction
QO training data




Bayesian Linear Regression

. B2 X YEO| BAHE BE 2 p(y|X)2 HO|3}1, Likelihood

= IHHO0| Least-square costs X|A3tsh= ZAar Z UL,

» Bayesian Linear Regression0f A ParameterOf CHt PriorE (zero
mean) Gaussian2 2 H9O|5} Lt

(Maximum A Posterior Estimation)= &95t0 Z[A 92| Parameter
£ &= 182 12 regularization2 &89 Ridge Regressionit 24

» Gaussian-Gaussian2 Conjugate 24 & 2 2 Posterior & Predictive
Distribution 5 TA22 & = UL}



Ch 2. Bayesian Logistic
Regression (and MCMC with
Code)



Logistic Regression (Classification Model)




Logistic Regression

» Logistic Regression Model

1
h’@(x) = g(gT‘T’-) = 1 - e—9'z

HT.'E = 60 + Z?:l Gjil?j

 Cost Function (Cross Entropy)
() = —Te(ho(x),)

—log(hg(x)) : y=1

c(hg(x),y) = {_ log(l — he(x)) : y=0

(OR) c(hg(x),y) = —ylog(hg(x)) — (1 — y)log(1 — hg(x))
45



Logistic Regression’s Cost Function?

» Logistic Regression Model

1
ho(z) = 9(6"2) =

GTI = 90 -+ Z?:l Gjil?j

 Cost Function (Cross Entropy)

1
Cross Entropy AFHE 2H=? J(0) = 2l (). 7)
0| 20| 75 StLt?

Non-Negativity? c(hy(x),y) = {—10g(h9(X)) : oy=1

Convexity? —log(1—hg(x)): y=0

(OR) c(hg(x),y) = —ylog(hg(x)) — (1 — y)log(1 — hg(x))

46



‘ E/ pothesis& 2l
= Eod PYlXE

« Logistic Regression 282 Bernoulli Distribution2 &-&%H &
Odgg OHA Sk A O||:|-

p(y | z;6) = (he(2))” (1 — ho(z)) ™

y|a; @ ~ Bernoulli(¢)
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Logistic Regression2| &% B

- 2= HO|HS0| SEAde = FOF/LILD 71, 0 Off CHet
likelihood & & CtS1} £0| & = QUL
L) = p(y|X;0)

* Log-likelihood
¢0) = logL(6)

= Y yDlogh(z®) + (1 — y@) log(1 — h(z?))
t=1
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Logistic Regression2| SH&X H?

- Log likelihood2| gradientE |4t

o6,"%) =

e Gradient AscentS

1 1 .
(ym (-9 g(g%)) g9(6"z)(1—g
1

(y(1 —g(0"z)) — (1 —y)g(0"z)) z;
(y — ho(z)) z;

O|- 83l MLE Optimization=

0;:=0; +a(y @ — hy (x(i))) xg-i)

z)—0Tx

=d g+ AL
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Bayesian Logistic Regression?

* Logistic Regression®| & Linear Regression®t L2
@)

Conjugate =& PHESH= parameter?| prior distributionO|
EX[StA @

- 5, Analytlcal 0P71| T=AlO 2 8| X|= Posterior Distribution&

AoHA| =L
. SHX| 2 047‘*0| Parameter0i Priorg X|'8 & 4 U220, MCMC
sampling”’| 8= S0l A Postenor Dlstrlbutlonol

Approxmatlone & = ULt



| | L 1
| © -] S N o ) S =3 @

Markov Chain Monte Carlo (MCMCQ)

« MCMC 7| 80| 2t? EVJ\' 2 E 23 (Ta(l;get Probability
Distribution)2 = £ HE HES 2= L E.

» Target= 2= Stationa ary Distribution2 2 7}X|= Markov Chaing &t
=0 Sample2 €= Y#O|LC}
« 0ll) Logistic Regression p(y =1x,D) = Engm((w
r - ‘—, - . 8 decision boundary for sampled w WS'- -~ 1-)( ’D)
2 . L]
| ) .
5‘5 | |\ :: N

N
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Let's See MCMC
approximation Examples
(with PyMC3)



