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Ch 1. Review of Probability
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Probability Distribution
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Discrete : Probability Mass Function

(PMF)
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Continuous: Probability Density
Function (PMF)
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5 1. fx(x) > 1 is possible.
P(aSXSb)=Jf(x)dx 2. % f(x)dx =1
“ 3. P(X €B)= [ pfx(x)dx



Rule of Probability

The addition rule: PCAw B) = P(A)+ P(B)-P(An B)

P(AAB)

Conditional probability: P(A | B) = P(B)

The multiplication rule: P(An B)=P(A)P(B|A)=P(B)P(A|B)

Independent events: P(An B)=P(A)P(B)or P(AIB)=P(A)

The complement rule: P(A")=1-P(A)

Ol) Given P(ANB)=0.4, P(ANB’)=0.2 and P(A’nB’)=0.3. Find P(B) and P(A|B).
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@ PAIB) = —p = =35 =5 =08.
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Rule of Probability with Picture

. P(B) = d

P(A) =
Whole space ” B4 ]
"D PAIR) = = P(BIA) = g
® 0
9
PAnB)= i
P(A) x P(B|A) = 0 WL . - P(A ~ B)
Il ¢ =]
(o) ¢ 9
P(B) x P(A|B) = -x P = i = P(AnB)



Other Probability Rules

Chain Rule
P(X,Y) = P(X|Y)P(Y)
P(X,Y,Z) = P(X|Y,Z)P(Y|Z)P(Z)

P(Xqy, ... Xn) = I P(Xi| X1, o, Xi—1)

Marginalization
P(Y) = [ P(X,Y)dx (continuous)
P(Y) =), P(X,Y) (discrete)



Probability (with Contingency Table)

1973 H UC-Berkeley Admission Dataset

UCBAdmissions

LA
oo

olg

total

1198

557

1755

1493

1278

2771

2691

1835

4526

Joint Probability

p(=d,e2) = 1198/4526 ~ 0.265
=52) = 1493/4526 ~ 0.330
= 557/4526 ~ 0.123
1) = 1278/4526 ~ 0.282

P(L+Ad

|o(04’H
P({-d

o,
o,

=
'<'57
I=|_I
Id_l_
, =22

Marginal Probability
p(6+74) = 1755/4526 ~ 0.388
p(EE4) = 2771/4526 ~ 0.612

2691/4526 ~ 0.595
1835/4526 =~ 0.405

Conditional Probability
p(24|24) = 1198/2691 ~ 0.445
p(E4|ed) = 1493/2691 ~ 0.555

p(&24|d) = 557/1835 ~ 0.304
p(E224|04d) = 1278/1835 ~ 0.696



Probability (with Contingency Table)

« 1973 A UC-Berkeley Admission Dataset
Conditional Probability

S ILEAM
Dept A B C D E F p(&4E|E3SA)
P = 512/(512+313) ~ 0.620

ot | g | 512 | 353 | 120 | 138 | 53 22 N
p(=2A[dS.A)

of o 89 17 202 131 94 24 = 313/(512+313) ~ 0.380
=251 kA S
=24 | g 313 207 205 279 138 351 o(EH 2|01 A A)

P! 19 8 391 | 244 | 299 | 317 = 89/(89+19) ~ 0.824

p(Z 24|04 .A)

Dept | A B C D E F = 1278/1835 ~ 0.175

=24 =i 0.62 0.63 0.37 0.33 0.28 0.06

ofd 0.82 0.68 0.34 0.35 0.24 0.07

2otz | oM | 038 | 037 | 063 | 067 | 072 | 094 MZ2 B0 Z80]
Conditional Probability=

o 0.18 0.32 0.66 0.65 0.76 0.93 Mot A Z = UAS
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(Continuous) Marginal & Conditional
Probability

Marginalization Conditional

P(X;) = [, P(X1,X5) dx, P(X;|X; = 1)

12



Ch 2. Probability Model &
Maximum Likelihood

Estimation (MLE)
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Gaussian Distribution
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MLE (Maximum Likelihood Estimation)

- D2 {5 *fﬂﬂ 7|2 & Q1 HHEH Ol = MLE (Maximum
Likelihood Estimation)”7} ALt

* (MLE) ZHEE OOl E X = {xq, x5, x3, ...,x 12 EOZ 2|7t AN &
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6 = arg méaxL(H)
= arg maxp(XIH)

=arg max [[21p(x;160)

- O|f, L(B)= 00| Lt 2F=Z2 A 7t5 & 2h=(likelihood function)

- (Fe) Vs g HEE HOIE X = {xy, x5, %3, ..., x,} & EUE FOlEl A2
2 o O| E{Off 3t 47} OFL| T}, AFHof ifat L(9]x) 9%’* | #£7|5}7| &= oL



MLE (Maximum Likelihood Estimation)

011, = argmax, p(z | 0)

X
X
X
3
X
X
X
X
b

X

Figure 5.1: A univariate density estimation problem. (See Section 5.2.1 for a discussion of density
estimation). The data {z,z9,...,zx} are given as X’s along the abscissa. The parameter vector
6 is the mean p and variance o2 of a Gaussian density. Two candidate densities, involving different
values of 6, are shown in the figure. Density A assigns higher probability to the observed data than
density B, and thus would be preferred according to the principle of maximum likelihood. 18



Log-likelihood function 1(8)

+ MLE A2 %| X35 74 %Iﬁﬁﬁ HH 2= logs F|ot 21 2 Jog-
likelihood 1(6) 2] SENS CHAl AtE3HH Cr=af 20[ #7[SHCt

6 =arg max L(O)
= aryg meaxl(H)

= argmaxlog [[7=; p(x;10)
= argmax 3, log p(x;|6)

= argmax - YL, log p(x;|6)

- OpX| 2 A S (O O| KAl {x; Y. © 2 B2 E O] =) empirical expectation
o213 459 Er%ﬂ’r‘é }E@WF Er. ’ ’

i=1logp(x;10)



MLE with Gaussian

- Ol E=0 =& 22 & GaussianO| 2t 7PESH (0 p(x|6) =
N(x|p,02), 0 =[uo]) 2T TEUS AL EX

6 =arg max [(6)

l(w,0) = X1 log NV (x;|u, 0%)

(xi .U)Z)

= )i loga\/_ exp(—

=——10g(2ﬂ02)——2 =, (g — p)?



MLE with Gaussian
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MLE with Gaussian
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MLE (Maximum Likelihood Estimation)

011, = argmax, p(z | 0)

X
X
X
3
X
X
X
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Figure 5.1: A univariate density estimation problem. (See Section 5.2.1 for a discussion of density
estimation). The data {z,z9,...,zx} are given as X’s along the abscissa. The parameter vector
6 is the mean p and variance o2 of a Gaussian density. Two candidate densities, involving different
values of 6, are shown in the figure. Density A assigns higher probability to the observed data than
density B, and thus would be preferred according to the principle of maximum likelihood. 23



Ch 2. Summary
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Ch 3. Bayesian Theory

SHMEX|7| &= £l Bayesian Paradigm= &t ol H X}
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Bernoulli Distribution
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Xe {0,1}

P(X=1)=p

fx)=p*1-p)"
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Likelihood A| At

» Bernoulli Distribution O| S} 2t G| O] E‘l o| g8t M st £ = X|CH 2 Sl=
Parameter 6= 27| 2|5l LikelihoodS A|AtSH E X}

Likelihood of parameter 0 4: L(04) = P(x|04) =

Likelihood of parameter 0p:  L(0p) = P(x|0p) =

O{tH parameter 67} == HO|H x, E2 & A HSI =7}
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Maximum Likelihood Estimation (MLE)

* MLEES S|l Log-likelihoodE Z|CHZ} Sl= 6 E A At EH..

0y = argmax [(0)
z

) I
) = 05 oy (o)
=1

s,
=54 {log0 4+ 4log(1 —0)}

1 4
0 1—6
Maximization condition

ol(0) 1
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Tail Tail Tail

» MLE= 27| 2F0 & A| overfitting St}
. 3EH oz EXEX|7|S 19 o)A QBIO|BI. QHBo| 2HEO| 100%?

5: O|& sHS O XL

Head Head Head
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Bayesian approach

(ABR O 2 512 0| HHEFO| S 0| BEQFCY
Parameter 00| CHSl £2|2| A& S HIEtO 2
st SH2 X0l 7} S CiaiAt )]

S 9

Posterior Ipe(l,f;oQ)Prl(ore)
P p—
(0|) [doP(x|0)P(0)

Mz 8E = HOHzZ 0 82 + APHEE

T. Bayes
(1702-1761)

o
e -

32




P(B)=" Beta Distribution

« Bernoulli Likelihood| Al 9= =t
(=)

- Prior P(6)= Z2HE0| Lot =&
StC},

lqcr—l (1 N 9}5‘—1
B(a, )

P(fla, B) =

o D_ 9_‘
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Conjugate Priorf?

. Conjugate prior= Bayes RuleO| 2|3l A= F =5t = MY, posterior/f prior2t &

= distribution FEHE 2 A| St= priorO| CF.
o P(xz|0)P(60
P(fle) = — 5

Bayes Theorem

ﬁ‘-"_l(l o [-_:_l)ﬁ—l

P(z|#) = 6%(1 —0)'—=  B) =
(2[0) = 6%(1 — ) P(la,8) = g
Bernoulli Likelihood Beta Prior
LA —o)tre (1 —0)7! atz—1(1 _ p\B+(1-z)
P(0|z) = P BB x 0 (1—46) = Beta(a, )
Posterior Beta with updated parameter

34



Conjugate Relation Gf| Al

Form of the Likelihood Function as a
Function of the Parameter of Interest

Parameter

Conjugate prior

Posterior distribution of

the parameter fg|x(6x)

1. Bernoulli likelihood:
fxja(x|p) oc p™(1 _p)n{'l—x‘)

; 7 = Lt O
where X= 5> . | X;

2. Poisson likelihood:

ni% ,—np iftx;=0.1....,
Txjo(x|p) o fori=1,2,...,
0 otherwise,
' =_1lxn .
whereX= 3> - | X;

3. Negative binomial likelihood:

ir.i(]_ )mjf—r)
Ixjp(x|p) x 4 g

0 otherwise,

x =_lsn .
whereX= ;) I X;

4. Uniform likelihood:
|

ﬁWﬂmalﬁ if L > max {x;}
' 0

otherwise
5. Pareto likelihood:
x|b ~ Pareto(a.b)

ﬁwHW)mI

0 otherwise

fori=1,2.-2",

p™ if min{xy,....xp} > b

6 ~ beta(e,B) withe =0and 8 = 0

ge—1(1—g)F-! 0 <0 <1
2(0) = —Bap ~ H0<f<

0 otherwise

8~ G(a.p) withe >0and 8 > 0
ga—1-0/p i
2(0) = T@p ifé >0

0 otherwise

6 ~ beta(ce,f) withe =0and g = 0
@i}t%fi if0<6 <1
g(g) — (a,p)

0 otherwise

8 ~ Pareto(a,B) witha > 0and 8 > 0

mmzlg; if0 > B

0 otherwise

& ~ Pareto(a,p) withe =0and 8 = 0

mmzlgg if0> B

0 otherwise

r r
f|x ~ beta(c . ), where
o =a+nx

B =B+n(l—3%)

2]x ~ G(al.ﬁ’). where

’
o =a+nx

p =1

f]x ~ beta(a’,ﬁl). where
o =a+nr
ﬁ' =B+n(x—r)

6|x ~ Pareto(a ,p ), where
a =o+n

B =max{x],..... Xn, B}

f|x ~ Pareto(a'.ﬂ' ), where
o =a —an, ﬁ’ =f
with o > na

35



Posterior Distribution

Likelihood Prior

Posterior B P(z|0)P(0)
P(0lx) = [ dopP(z|0)P(0)

—Posterior. Likelihood

i distribution

L
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08t
i 02} I - 1
! ' 08 !
1 015 1 g 2 1
1 1 prm— ! 1
o1 1 g H
05 ! 1 B —_ 04 1
N, . “ ! | —
00s g
1 1 s 02t 1
. el V. 1
0 01 02 03 04 05 08 OF 0
i A !
0 o1 02 03 04 05 06 07 08 O

1
: . . . . .
2 03 04 05 06 07 08 03 1
BN
A
o o o o
s - — — e

0.1‘(1 . 9)1—1‘90‘—1(1 . 9)3—1
P(z)B(a, 5)

Posterior
P(f|z) =

x 9°t=—1(1 — 9)8+(1-2)-1 — Beta(4, B)
updated Prior with observed data 36



Maximum A Posterior Estimation (MAP)
ikelihood Of| _7|<_7pc_4|4 o= HP[iorE ot 21245+, posterior =X S Z|CH 3}

Omap = arg maxp(8]X)
= argmax p(X|6)p(8)/p(X)
= argmax p(X|6)p(6)

=arg max [Ti=1 p(x;16) p(6)
- YHIM O 2 JogE F| St Z OptimizationS Sl A At

Omap = arg mglxlogp(X|9) p(0)
= arg mgaxlogp(XIQ) + log p(6)

= arg maxlog[[;_, p(x;|6) + logp(6)
=arg max 3, logp(x;|6) + log p(6)



Full Bayesian Approach (=

Likelihood Data Prior

Bayes' Theorem

v
VAN

Posterior Distribution

Posterior

posterior =

T O

I—I)

prior x likelihood

MAP estimation<= Optimal@t 80| CH S} point estimation
Full Bayesian Approach= Posterior Distribution At & o= A0
Prior2} likelihood”} conjugate 2t A| 2| B $ PosteriorE & Al &

Posterior Distribution == §|O| E{ & &t=53t =

601l CH

ol ©
ot A=

evidence

|is
AL
T

Ssu
o]
JUN

n|o o



28 7t (Credibility Interval)

« Posterior Distribution= 7.% SlH parameterd| CHot A1 F 7t
(Credibility Interval)= 7+& == QUL}

Inside HDI QOutside HDI
Outsvcje ETI Inside ETI
_l' 95% HDI J High-Density Interval (HDI)
95% ETI
Il 1, : ! : Equal-Tailed Interval (ETI)
0 10 20 30

Parameter Value

0| = ME AUS MU EEZZ5H Z2X 0 S2tel =9 JEHet 2
2P| K| 2F I = =0 M 2| {7F2 @ 2 X| O] & Of 2 7] 2= oL,

39



Predictive Distribution

- Posterior =X p(0|X)E O %5Hﬁ osterlor predictive
distribution= Cr=1df £ 0] A 4F & == UL},

EPE‘.' © 2 Ensemble (Boostrap aggregation, Baggina)”/| &
M Z(of BAF,

rulo A



H| O] = 4l (Bayes Update)

« Posterior= likelihoodS || A] Datas 2t=ot0 HE 7} YL O| E =l priorL}.

P(z)
Pty = PO P
_ P(x2lz) P(z|xy) | P(xzlz,x1) P(z|xq)
Plalix, x}) = P(x;) B P(x3]%,)
P(x3|z ) P(z|{x1, x2})

P(z|{x1, x5, x3}) = P(x,)

P(z|X) -> OIO|E7} RO &Y =5 posterior= "3 =l £I Tt



Ch 3. Summary

. Bl

2 i HO|E & 7t%t & M ESE= Parameter 6 (£X)S &H7| 2|5}
MLE AFS

s =Jiqoz HY3 =

- Bayesian Approach—= Parameterd| 2& 2L E
2 XX
= TS (MAP)

PosteriorS & ol A Optimal Parameter 8

L

- MAP estimation2| Analytical (Closed Form) Solution= & 7| IS A =
conjugate 2t A7t A
- Conjugate 2tA| 7} S E&ISHX| 22 A|? EM, MCMC, Variational Inference & &

+ Posterior= likelihood& &9 HA DatagE Et5otl HE7F SO0 EE
Prior (PriorE A2 & 715)



Ch 4. Conjugate Relation

Gaussian-Gaussian, Gamma-Gaussian, Beta-Bernoulli

43



Gaussian-Gaussian Conjugacy

P(X1]0) = N(X|0,0°)
A(v) = N(0|a, b*)

44



Gaussian-Gaussian Conjugacy

P(Xl) NN(ul,O'

N (z|p,0?)

0.25

0.20
0.151

0.10

0.05
0.00 -

1
V2mo?

1) P(X3) ~N(u2,03)

_iujﬁ bol
e 202 = const e Paraboa
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Gaussian-Gaussian Conjugacy

~ p(z|0)p(0) N (z|6,1)N(8|0,1)
PO ="y~ p(z)
p(f|r) x o~ 3(x—0)% —306°
p(f|z) o e—(0-%)°
rx 1
p(flz) = N6, 3)
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Gamma Distribution

1.0
0.8

0.6
0.4
0.2

0.0

ba
['(v]a,b) = v e
['(a)
Lt t
v,a,b >0
— I(1,1)
— I(1.5,1)
— T(2,1)
— T1(18,3)
2 4 6 8 10
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Gamma Distribution

1.0

0.8
0.6
0.4
0.2

0.0

F(Wlav b) —

ba
['(a)

5

a—1

e O

I'(1,1)
I(1.5,1)
r(2,1)
I'(18,3)

10
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Gamma Distribution

[ .b) = a—lg—bv
(7v]a,b) r@)”
r(5) =24 1—1“(n) =
1.0 —
0.8 —— T(15,1)
0.6 — ey
— T(18,3)
0.41
0.2
0.0 , . |
0 2 4 6 g 10
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Gamma Distribution — Statistics

ba
[(a)’

a—1_—by

['(v]a,b) = e

E[Y] =a/b
Mode[y] = 2+

Var|y| = ¢/»’
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Gamma Distribution - Example

You run 5km + 100m a day

E[x] = ¢/, =5, Var[x] = %/,, = 0.1°
= a = 2500,b = 500

4.01
3g. —— (2500, 500) \

SO WI
=N Rl Rl e




Precision

Precision —_ v = (% . — Variance

0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00

—— High precision, low variance
—— Low precision, High variance

-100 -7.5 -3.0 -25 0.0 2.5 5.0 7.5 10.0



Gaussian (Variance vs Precision)

1

N (z|p,0?) = N

N(zln,y ") = Fke

3

(x —p)?

2
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Gamma-Gaussian Conjugacy

p(7) =T (v]a,b) oc 2~ 1e=®

p(v|z) o< p(z|v)p(7)

r—p 2
p(y]z) o (Y27 ) - (v e bY)
p(r]z) o A Fa-le=r b+ =)
. 3
p(y|z) = T(a + 3, b+ A
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Beta Distribution

B(zla,b) = grkpz® (1 - 2)*!

L]
z € [0,1], a,b>0
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Beta Distribution
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Beta Distribution

B(i,b)xa—l(l x)b—l
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Beta Distribution - Statistics

B(xl|a,b) = B(;,b)xa_l(l — :z:)b_1

Ex = -—=°

a+b
Mode|z| = afll—;12
_ ab
Var[z| = Gpytass—n

58



Beta Distribution - Example

Movie rankis 0.8 + 0.1

W W
¥ 4
PRopye , ~—4

1 — best movie
0 — Batman & Robin
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Beta Distribution - Example

Movie rank is 0.8 + 0.1

Ex = 25 =0.8
Var|z] = (a+b)2C(LZ+b—l) =0.1°
= d=140=3
1 — Ba23)
3
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=)
1.
0.
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Beta-Bernoulli conjugacy

p(X|0) = 6™ (1 —9)™o
p(8) = B(fla,b) o< 62~1(1 — 6)>~1

p(0]X) o p(X1|0)p(6)

p(0]X) oc N1 (1 — §)No . ga—1(1 — g)b-1

p(6

p(0

X) X 9N1+a—1(1 . 0)N0+b_1

X) = B(N1 + a, Ny + b)
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